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Abstract
A multiplicity result for an initial value problem is established via reduction to a first-order differential equation.
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1. Introduction
In a series of recent papers [1–10], the authors have established the existence of solutions to the
second-order nonlinear differential equation
u′′ = f (t, u, u′), t ≥ t0 ≥ 1, (1)
that behave asymptotically, in rather general circumstances, in the same way as straight lines: either
(see [2,3,11]) the solution can be represented like
u(t) = at + o(t) as t → +∞, (2)
or (see [9,10])
u(t) = at + b + o(1) as t → +∞, (3)
where a, b ∈ R. A study of these solutions, usually called linear-like [7] or asymptotically linear [10],
is of substantial importance for the oscillation theory of ordinary and functional differential equations
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(see the references in [9]) as well as for the existence theory for positive solutions of elliptic problems in
exterior domains (see [11,12]). The same behavior was investigated recently in connection with Weyl’s
limit circle/limit point classification of differential operators in the theory of singular Sturm–Liouville
problems (see [13]).
In the paper [14], investigating a particular case of Eq. (1), the author has demonstrated the existence
of a solution u(t) with asymptotic representation (2) by employment of the Green’s function associated
with the linear part of Eq. (1) (cf. also [8]) and the Schauder–Tikhonov fixed point theorem. As stressed
in the introductory part of [14], there are virtually no multiplicity results either for boundary value
problems on the positive half-line or for initial value problems having solutions that can be expressed
for all large t like in (2) and (3).
In this note, using a technique that was applied successfully to similar problems by the author and Yu.
Rogovchenko [15], we give a positive partial answer to the following (open) Lavrentiev–Tamarkin type
of problem (see [16 (p. 98),17,18,19 (II.5)]): is there a continuous function f : [t0,+∞) × R2 → R
such that, for every choice of initial point (t0, u0, v0), the initial value problem{
u′′ = f (t, u, u′), t ≥ t0 ≥ 1,
u(t0) = u0 u′(t0) = v0 (4)
has an infinity of solutions defined in [t0,+∞) that can be represented asymptotically by either (2) or
(3)? Our result is partial since the construction of such a function f (t, u, u′) will validate the problem
only for those points (t0, u0, v0) that satisfy a supplementary condition:
Φ(t0, u0, v0) = t0v0 − u0 = c ∈ R. (5)
The proof of our result relies on a theorem by Wallach (see [20,19 (p. 33),21 (p. 55)]).
2. The result
Theorem 1. Assume that the nonlinearity f (t, u, u′) in problem (4) can be written as
f (t, u, u′) = 1
t
g(tu′ − u), t ≥ t0, (6)
where g ∈ C(R,R), g(c) = g(3c) = 0 and g(x) > 0 for all x = c, 3c. Suppose further that∫ 2c
c+
dx
g(x)
< +∞
∫ (3c)−
2c
dx
g(x)
= +∞. (7)
Then, the initial value problem (4), where t0, u0, v0 verify (5), has an infinity of solutions u(t), defined
in [t0,+∞), such that (3) holds.
Proof. Let us introduce in problem (4), as a new variable [15], the wronskian w(t) of the linear part of
Eq. (1):
w(t) =
∣∣∣∣t u(t)1 u′(t)
∣∣∣∣ = tu′(t) − u(t), t ≥ t0. (8)
The problem (4) can be reformulated in these circumstances as below:
w′ = g(w), t ≥ t0, w(t0) = c. (9)
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We claim now that problem (9) has an infinity of solutions w(t) (see [20]), all defined in [t0,+∞) and
satisfying the supplementary condition
lim
t→+∞ w(t) = 3c. (10)
To establish this, we introduce the function G : [c, 3c) → [0,+∞) via the formula
G(x) =


0, x = c∫ x
c+
dv
g(v)
, x ∈ (c, 3c). (11)
The function G(x) is continuous and increasing in [c, 3c), and continuously differentiable in (c, 3c).
According to (7)2, G([c, 3c)) = [0,+∞) and, consequently, G−1 : [0,+∞) → [c, 3c) exists and
increases in its domain of definition. Since limx↘c G ′(x) = +∞, we deduce that limy↘0(G−1)′(y) = 0
and so G−1 is continuously differentiable in [0,+∞). For every T > 0, the function wT (t), where
wT (t) =
{
c, t0 ≤ t ≤ t1 def= t0 + T
G−1(t − t1), t ≥ t1,
(12)
is a solution of problem (9). Such a conclusion can be drawn directly by differentiating the identity
G(wT (t)) = t − t1. The solution wT (t) increases in (t1,+∞) and, as a consequence of (7)1, there exists
a t2 = t2(T ) > t1 such that wT (t2) = 2c and wT (t) > 2c for all t > t2. Then, integrating the identity
w′T (t)
g(wT (t)) = 1, with t ≥ t2, over [t2, t], we obtain that respectively
∫ wT (t)
2c
dx
g(x) = t − t2 and
lim
t→+∞
∫ wT (t)
2c
dx
g(x)
=
∫ lim
s→+∞ wT (s)
2c
dx
g(x)
= +∞. (13)
The validity of our claim follows from (7)2. As the function wT (t) verifies (10), we deduce that
the improper integral
∫ +∞
t0
wT (t)
t2
dt is absolutely convergent and, according to L’Hospital’s rule,
limt→+∞ t
∫ +∞
t
wT (s)
s2
ds = 3c for all T > 0. The function uT (t), where
uT (t) = u0
t0
t + t
∫ t
t0
wT (s)
s2
ds, t ≥ t0, (14)
is a solution of Eq. (1) provided that (6) holds. Also, u′T (t0) = 1t0 [u0 + wT (t0)] = 1t0 (u0 + c) and, as a
consequence,Φ(t0, uT (t0), u′T (t0)) = c. Finally,
uT (t) =
[
u0
t0
+
∫ +∞
t0
wT (s)
s2
ds
]
t − t
∫ +∞
t
wT (s)
s2
ds
= aT t + bT + o(1) as t → +∞,
where aT = u0t0 +
∫ +∞
t0
wT (s)
s2
ds and bT = −3c. The proof is complete. 
Remark 1. In the paper [11], the global existence of solutions u(t) of Eq. (1) with the asymptotic
representation (2) is established provided that the nonlinearity f (t, u, u′) verifies the condition:
| f (t, u, u′)| ≤ F(t, |u|, |u′|)
∫ +∞
t0
F(t, εt, ε)dt < +∞ (15)
for a certain ε > 0, where the comparison function F : [t0,+∞) × R2+ → R+ is continuous and
nondecreasing in the last two arguments. Although these hypotheses are rather general, it is easy to
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observe that, in case of (6), they do not work:∫ +∞
t0
F(t, εt, ε)dt ≥ g(0)
∫ +∞
t0
dt
t
= +∞. (16)
Remark 2. With a suitable modification of relation (7), Theorem 1 can be made functional for the more
permissive condition Φ(t0, u0, v0) ∈ {c1, . . . , cn}, where ci , 1 ≤ i ≤ n, are real constants.
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